Perpendicular Bisector Quadrilaterals
of Parallelograms

By Hans Humenberger & Michael de Villiers

In the latest issue of Mathematics in School there was an
article concerning ‘perpendicular bisector quadrilaterals
as a substantial learning environ-ment’ (Humenberger/
De Villiers, 2026), and this short note can be seen as a
supplement to it. In the mentioned paper several easy-to-
prove properties of perpendicular bisector quadrilaterals
were listed, which altogether made up the substantial
learning environment for students: they deal with
motivating and challenging questions in a way which is
typical of the process of doing mathematics.

For the convenience of the reader, let us first repeat the
definition of perpendicular bisector quadrilateral, and for
brevity we will denote them again as PB-quadrilaterals.
The perpendicular bisectors of the edges DA and AB meet
at A, the perpendicular bisectors of AB and BC meet at B’,
the perpendicular bisectors of BC and CD meet at ', the
perpendicular bisectors of CD and DA meetat D'. Then the
quadrilateral A'B'C’'D’ will be called the PB-quadrilateral
of the quadrilateral ABCD (see Figure 1). Note that ABCD
and A'B'C’'D' have different orientation.
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Figure 1: A'B'C'D' is the PB-quadrilateral of ABCD

One specific property, easy to prove, was:
The sides of A'B'C'D" are perpendicular to the sides of
ABCD (AB L A'B’, etc.). (9]

Another one, also with proof, was:
If ABCD is a trapezium, PB-quadrilateral A'B'C'D’ is
similar to ABCD. (2)

Remark: “If” could be replaced by “If, and only if” but
the proof of the “only if” part is more complex (Radko/
Tsukerman, 2012) and thus not an ideal learning
environment for students (except perhaps for really
gifted ones).
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The supplement of this short note concerns
parallelograms which are, as is well known, special
trapezia. In the case of a parallelogram, we can see and
prove even more. Readers are invited to explore the case of
parallelograms with the following dynamic online sketch:
https://dynamicmathematicslearning.com/
parallelogram-perpbisector.html

The similarity factor k can be easily determined. It
turns out that k = cot £A4, where 24 is the smaller angle
(Figure 2a).

Clearly, both parallelograms ABCD and A’B'C’'D’ have the
same “centre” M (why?). From (2) we know that they are
similar, and the similarity factor k can be determined
easily using the altitudes: One altitude of ABCD is KD, and
the corresponding altitude of A'B’'C’'D’ is EL which is the
“horizontal” distance of the two midpoints E and G, and
this, in turn, equals the horizontal distance of the vertices
A and D, namely AK (why?). Thus, the sought similarity
factor k is given by k = % = cot £A.
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Figure 2a: Similar parallelograms, k = cot 24
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Figure 2b: Congruent parallelograms (24 = 45°)
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Remarks:

Although cot£A appears in the above solution it is not
really a trigonometric one, it is primarily geometric, the
function cot is used only to express the similarity factor
in terms of 24 instead of AK/KD.

Using the more advanced term spiral similarity, we have
proven that there is a spiral similarity with centre M,
angle 90° and factor k = % = cot £A that sends ABCD
to D'C'B'A’ (a spiral similarity is just a combination of a
rotation and a dilation with the same centre).

In the case of a general trapezium (which is not a
parallelogram), the angle of the corresponding spiral
similarity is, because of (1), also 90° the similarity
factor can be determined as well, namely k = EL/KD,
where KD is the altitude of the trapezium and EL the
“horizontal” distance of the midpoints E and G of the
parallel sides AB and CD. But, different to the case of
parallelograms, this factor cannot be expressed as cot £A
or the like, and the centre of the spiral similarity is not
a well-known point (it is the so-called isoptic point, see
Radko/Tsukerman, 2012).

Finally, there is an interesting and easy corollary: As a
special case, we can immediately see that for £A4 = 45°
the two parallelograms ABCD and A'B'C'D’ are not only
similar but even congruent (Figure 2b), since in this case
we have k = cot 45° = 1.
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Dear Editors,

In the May 1995 issue of Mathematics in School,
a dissection problem was set by Canon Eperson
(Eperson, 1995).

If a square is cut from a side of the larger square, what
is the least number of pieces into which the remainder
must be cut so that they can be fitted together to form
arectangle?

This is the solution given:
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The problem also has a second solution:
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